For a variety of classical mechanical systems embeddable into flat space with Cartesian coordinates ͕x i ͖ and for which the Hamilton-Jacobi equation can be solved via separation of variables in a particular curvalinear system ͕u j ͖, we answer the following question. When is the separable potential function v expressible as a polynomial ͑or as a rational function͒ in the defining coordinates ͕x i ͖? Many examples are given.
I. INTRODUCTION
In recent years there has been renewed interest in the notion of integrability as it applies to the solution of mechanical systems. Many examples of such systems are known. The crucial requirement for the notion of integrability to be valid is the existence of a suitable number of constants of the motion. This guarantees in principle that the corresponding mathematical problem can be solved. One of the classical ways of solving some integrable mechanical systems is using the method of separation of variables. Commonly quoted integrable systems are the so-called Neumann system of a particle moving on a sphere under the influence of the anisotropic harmonic potential and also the problem of geodesic flow on an ellipsoid. [1] [2] [3] [4] The problem we consider here is, generally, how to classify systematically those classical mechanical systems that are of the form Hϭ ͚ i, jϭ1 n g i j p i p j ϩV͑x 1 ,...,x n ͒. ͑1.1͒
via separation of variables techniques. Here the metric g i j corresponds to some Riemannian space that is embedded into flat space and the x i are Cartesian coordinates in that space. Specifically, we will determine the possible separable potentials V which are polynomials or rational functions of the Cartesian coordinates. In particular we consider the case of spaces of constant curvature, i.e., Euclidean space, the positive definite hyperboloid and the sphere. Also considered here are complex versions of these spaces. For the real spaces we have mentioned, all the separable coordinate systems are known. 5, 6 The requirement that the potential provide a separation of variables is also known ͑e.g., Ref We will restrict ourselves here to coordinate systems such that ḡ i j is a diagonal metric. This is both necessary and sufficient for the case of separation of variables for real spaces of constant curvature. 6 In the case of real Euclidean space let us consider the generic elliptical coordinates ͕u i ͖ defined by 
Indeed the form of such a Stäckel multiplier must be
In this sense this problem has been solved. However, we seek a solution to a more restricted problem here. Indeed we answer the following two questions.
͑1͒
When is the Stäckel multiplier V(u 1 ,...,u n ) expressible as a polynomial in the defining coordinates x i ? ͑2͒ When is the multiplier in the form of a rational function of the Cartesian coordinates x i ?
These are two important classes of potentials and a number of physically interesting cases are known. Indeed Eisenhart has shown that in an orthogonal separable system y i a potential is in the form of a Stäckel multiplier if and only if
for i j. 9 However, Benenti 16 has proved that ͑expressed in Cartesian coordinates͒ these conditions for elliptical coordinates are equivalent to
͑1.6͒
for i j. Thus for elliptical coordinates, the solutions to questions ͑1͒ and ͑2͒ are just the polynomial or rational solutions to ͑1.6͒. We will give a different and more general solution to these questions.
We first look at the problem of polynomial potentials. The crucial observation is the following. Let V(x 1 ,...,x n ) be a polynomial solution of ͑1.6͒. When expressed as a function of the u i coordinates via ͑1.3͒, V should be symmetric. Therefore when expressed in the form ͑1.4͒ each of the functions v i (u i )ϭv(u i ). We can deduce v(u i ) if V is of polynomial form. Indeed if we put u i ϭa i for i 1 such that a k e l for all k and l, then we see that v(u) should have the form v(u)ϭR(u)ͱuϪe 1 ϩS(u) where R and S are rational functions of u. Doing a similar calculation with e 1 replaced by e 2 we must then have R͑u ͒ͱuϪe 1 ϩS͑u ͒ϭRЈ͑ u ͒ͱuϪe 2 ϩSЈ͑u ͒.
This can only hold if R(u)ϭRЈ(u)ϭ0 and S(u)ϭSЈ(u).
Before proceeding further we note the following.
Lemma. Let S i ͓u 1 ,...,u n ͔ be the symmetric polynomial defined by This follows readily from the identity
Multiplying this expression by ⌸ jϭ1 n (uϪe j ) we easily deduce the identity ͑1.8͒. 
This follows from the identity
To establish which potentials are Stäckel multipliers for paraboloidal coordinates and which are rational functions of the Cartesian coordinates we must consider two cases. 
In a similar way we could argue that contributing terms to v(w 1 , w 2 ) of the form 1/(w Ϫa) p cannot contribute rational functions of x k to the expression for a separable potential. We are thus left with the possibility that v(u) must be a rational function of u. Consequently v(u) admits a partial fraction decomposition with typical terms of the form u p or 1/(uϪa) q for p and q positive integers.
In the following sections we will answer questions ͑1͒ and ͑2͒ for a variety of classical mechanical systems embeddable into flat space with Cartesian coordinates ͕x i ͖ and for which the Hamilton-Jacobi equation can be solved via separation of variables in a particular curvalinear system ͕u j ͖. Many examples are given in the Appendix.
In summary, the conclusions of Sec. I are as follows. It is known that separable coordinates in n-dimensional Euclidean space are constructed from generic separable coordinate systems viz. elliptical coordinates and paraboloidal coordinates. 6 For these coordinate systems we have asked what potentials rational in the Cartesian coordinates can be found such that solution via the separation of variables ansatz is still valid. We have shown that potentials fulfilling this requirement can be constructed from the symmetric quantities S l ͓u 1 ,...,u n ͔ and that these quantities can always be expressed as a rational function of the Cartesian coordinates x k via ͑1.8͒. These ideas are extended in subsequent sections to the case of the sphere and the hyperboloid in n dimensions. The result of these investigations gives all potentials which are rational in terms of Cartesian coordinates and have the separability property. In addition we develop these ideas even further to include spaces in which the rational Stäckel form of elliptic coordinates is generalized and show that similar results hold in this case also. This we do via what amounts to flat space embeddings.
II. ELLIPTIC COORDINATES ON THE n SPHERE
The application of these ideas to the case of elliptic coordinates on the n sphere proceeds with some modifications. Elliptic coordinates on S n are given by
Again we ask the question which separable potentials can be expressed as rational functions of the projective coordinates x k . The expression ͑1.9͒ is now replaced by
from which we deduce that
x k 2 E l ͓e 1 ,...,e kϪ1 ,e kϩ1 ,...,e n ͔.
͑2.4͒
The argument used for the case of Euclidean elliptic coordinates goes through much as before. Indeed the Stäckel multipliers SM p ͓u 1 ,...,u n ͔, with pϭ0,Ϯ1,Ϯ2,..., form a basis for all such potentials. Among these potentials are several well-known examples of separable coordinate systems on the n sphere. Indeed VϭS 1 ͓u 1 ,...,u n ͔ϭ͚ iϭ1 n u i corresponds to the Neumann potential 17 can then be constructed from the corresponding Stäckel multipliers. For the Garnier system with potential 
III. COMPLEX S n , COMPLEX E n , AND LIMITING REAL CASES
Having solved the problem of rational potentials for generic coordinates on the n sphere and in Euclidean n space we can now answer the same question for degenerate versions of these coordinates. We make use of well-established limiting procedures. 7, 18 In particular we consider those cases relevant to the real manifolds ͑1͒ Euclidean n space E n , ͑2͒ the n sphere S n , and ͑3͒ the n-dimensional hyperboloid H n . This can be best done by first considering complex Euclidean n space and the complex n sphere, and then passing to the real cases. For the complex n sphere let us consider what modifications are necessary for the solution of our problems. The process of taking two roots e i equal best illustrates the general procedure. Indeed if we put
where a 1 ϭϪa 2 ϭ1/⑀ and e 2 ϭe 1 ϩ⑀, then the generic elliptic coordinates on the n sphere become
For this example, the argument used previously in the generic case is readily adapted. Indeed if we take a Stäckel multiplier in the form ͑1.4͒, the function v(u) must be a rational function of u. Accordingly the basis for the rational Stäckel multipliers in this coordinate system is exactly the same when written in terms of the coordinates u i . To express these Stäckel multipliers in terms of the coordinates x i Ј we need only take the appropriate limits in the expressions ͑1.9͒. The functions S i ͓u 1 ,...,u n ͔ can be obtained from the new form of ͑1.9͒, viz.
For the explicit form of the functions S l ͓u 1 ,...,u n ͔ we obtain Here we have dropped the primes in the x k . We note in particular from ͑3.3͒ that 2x 1 x 2 ϩ ͚ kϭ3 nϩ1 x k 2 ϭ1. For this particular case the Neumann potential becomes
͑3.5͒
The most general possibility of this kind occurs when the e i s are equal in groups. Specifically, if we write instead of x i and e k the new variables x j J and e j J , where jϭ1,...,N J , and J ϭ1,...,P, respectively, the infinitesimal distance is
͑3.6͒
These coordinates can be obtained from the most general elliptic ones by well-defined limiting processes. 13 Under the transformation
where
the fundamental formula ͑1.9͒ assumes the form
The expressions for S i ͓u 1 ,...,u n ͔ can be determined from this result. Indeed ͑3.8͒ can be rewritten
We then deduce that
The coordinates determined in this way are said to be generic coordinates of type ͕N 1 ,...,N P ͖. Here,
͑3.11͒
By cross multiplying in the expression ͑3.8͒ we see immediately that
and the coordinates x j J are given by
J . The case of generic coordinates in E n can be treated similarly. The only restriction now is that ͚ Jϭ1 p N J ϭnϩ1 and
J under the transformation given above.
The rules for constructing all other coordinate systems on the complex n sphere that correspond to orthogonal coordinates are just as in Ref. 18 to which we refer. In the Appendix we give some of the potentials for the simplest cases. For the case of hyperbolic n space there are additional coordinate systems which can be regarded as generic. These correspond to the signatures ͕21...1͖ and ͕31...1͖, as well as the generic case ͕1...1͖ in which e 1 ϭe 2 * . The first few potentials which correspond to these cases are given in the Appendix.
For the case of complex Euclidean space similar general coordinate systems correspond to a metric of type ͑3.6͒ with ͚ jϭ1 P N j рn. The various possible forms of this metric are determined by coordinates via limiting processes similar to those for the n sphere. Making the same change of designation as before viz. 
where S jϩ1 J is defined as above with the extra condition that x 1 1 ϭ1. The fundamental form defining these coordinates is
The symmetric functions S l ͓u 1 ,...,u n ͔ can be read off from this formula.
IV. FLAT SPACE EMBEDDINGS
It is possible to extend these ideas to rational Stäckel metrics not necessarily corresponding to spaces of constant curvature. As an example consider the Riemannian space whose metric is defined by
͑4.1͒
This space is such that the corresponding Hamilton-Jacobi separation of variables method of solution works. It is indeed a special form of the Stäckel separable form we have given in the introduction. As an analogue of what we have been doing so far, we obtain these coordinates from an embedding in a higher-dimensional flat space. Indeed we can obtain suitable coordinates by considering 
͑4.9͒
The surfaces thus defined are the intersection of pϪnϪ1 quadrics. The result expounded for the particular example given above holds in general for these spaces: If the function v(u) in the corresponding Stäckel multiplier is a polynomial/rational in u, the Stäckel multiplier is polynomial/rational in the coordinates x i . As a corollary let us consider a Riemannian space with infinitesimal distance
͑4.10͒
This system can be obtained from one of the previous type with infinitesimal distance 
͑4.12͒
Just as before it is possible to make some of the e i equal. The expressions for the infinitesimal distance, coordinates, and the generating function are essentially the same as given previously for systems of type ͓N 1 ,...,N P ͔. The constraints now have the form
The results of this section can be summarized as follows. For Stäckel metrics of type
an embedding into flat space can be distinguished in two ways. ͑1͒ If ͚ lϭ1 P N l ϭNуn, then the coordinates are given by
where jϭ1,...,N J , Jϭ1,...,P. The fundamental form defining these coordinates is
The coordinates x i , iϭ1,...,N, are subject to the constraints
͑2͒ If ͚ lϭ2 P N l ϭNуn, then the coordinates are given by
where N 1 ϭnϪN and x 1 1 ϭ1. The fundamental form defining these coordinates is
In either case the fundamental formula determines the symmetric functions S l ͓u 1 ,...,u n ͔. Hence the possible Stäckel multipliers that give rise to rational potentials in terms of the Cartesian coordinates can be determined.
Metrics of the form 19, 20 who obtained families of separable potentials which corresponded to polynomial potentials on the sphere. Indeed these results provide a comprehensive generalization since we have necessary and sufficient conditions that separable potentials can be obtained which are rational functions of ''Cartesian coordinates.'' These also include the rational family of potentials obtained by Wojciechowski.
V. FURTHER GENERALIZATIONS
It is possible to generalize further the results presented thus far. Indeed if we consider Stäckel metrics of the form
the corresponding Hamilton-Jacobi and Schrödinger equations afford a separation of variables and the general form of the potential compatible with separation is
The question we now ask is how much the analogy between what we have already done goes through for metrics like this one? We show that an analogue of the embedding into a suitable flat space can be achieved. For the example given above, a suitable choice of Euclidean coordinates is
where l 1 ,k 1 ϭ1,2,3, and a suitable choice of constants is where we also take m i ϾN for all i. We define the symbols
where i m i n for m n and kϭ1,...,N. We wish to find Cartesian coordinates such that
This is a metric in Stäckel form which separates both Hamilton-Jacobi and Schrödinger equations. It is convenient to write S jl j ϭ1/⌸ m j l j (A jl j ϪA jm j ) and also A j ϭ ͚ l j A jl j . For these quantities the following identities hold:
͑5.10͒
In order to consider Cartesian coordinates of the form ͑5.8͒ so as to produce the metric, we need to determine the the constants A i 1 
To see this we consider, for instance, the term in du 1 du 2 . The corresponding contribution is
Clearly, from the identities ͑5.10͒, this type of term summed on the l j gives zero. In general, the correct formula is 
. In particular we consider the term
. Typical contributing factors to the numerator are
Proceeding to the calculation of the coefficient of
ϪA 1l 1 ) we find the contribution of terms of the form ͑5.12͒ for kϭN is ϪA 2 n 3 ,...,n N ( N,1 ⌳). The other contributing term comes from
and is NϪ1,1 ⌳ 2 2 . Therefore we have NϪ1,1 ⌳ 2 2 ϭ N,1 ⌳. Proceeding in this way we can establish that
Repeating these arguments for the other coefficients we obtain the general formula 
Separable potentials that are polynomials are constructed in the same way as previously from the symmetric functions S l ͓u 1 ,...,u n ͔. In particular if we define
͑5.16͒
and
In the above formula ⑀ l 1 •••l q is the totally skew-symmetric tensor. From these formulas, expressions can be constructed for the symmetric functions in terms of quadratic functions of the x i s. If we look for potentials which are rational functions of the x i s, then the restriction to symmetric functions is no longer necessary. In fact all that is necessary is that the corresponding Stäckel multiplier be a rational function of the variables u i .
It is also possible to consider metrics for which some of the constants A il i are equal. As an example, consider the coordinates defined by 11 
Paraboloidal coordinates in E n
In this case the functions S i are given by ͑1.13͒. Consequently, For paraboloidal coordinates in Euclidean n space these potentials have the form
